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We use the method of Liapunov functions to obtain a set of control laws securing
the Liapunov stability of an unperturbed motion of the controlled system and its
asymptotic stability with respect to a part of the variables. The properties of the
stabilizing laws obtained here are determined and the laws which are compulsor-
ily optimal are separated from the set, An example is given.

1, Statement of the problem. We consider a controlled system, the per-
turbed motion of which on the set H is described by the equation
£=Q((z,u, t), zER" ucR™, m<n (L1
H={z, t |z)<h, t>0} (| z] 2= 2Tz, h = const > 0)

Here @ (z, u, t) = {@, ..., Pn}is a vector function satisfying the conditions of exist-
ence and uniqueness of the solution of (1. 1) on a certain set of continuous control laws
u=u(xt), u(0 =0 (L.2)

Following [1— 3], we formulate the problem of stabilization in the following manner.
Problem . Let a set of control laws (1. 2) be given. We require to separate from

(1.2) a subset of laws on which the unperturbed motion x = 0 of the system (1, 1) is

Liapunov stable, and asymptotically stable with respect to the variables x;, . ., zr, r < 1.
The set of laws emerging as the result of solving the problem, will be called the set

of stabilizing control laws or the set of stabilization laws.

2, Stabilization theorem, In order to solve the problem, we introduce the
scalar functions V (z, ) and W (z, tj which are positive-definite on the set Hi = {z,

tlz<h €k t20}.V (z, 1) with respect to the variables z;, . . ., z, and W (2. ¢)
with respect to Z1s + -y Zre
In analogy with {3, 4], the function W (z, t) is called positive-definite with respect
to the variables z;, ..., zron Hy, if W (0, ¢) = 0 and a continuous, positive~definite
Liapunov function w (z;, . . ., #r) can be shown on the set Ho = {z;, . . ., #rt 2% +
<.« + 22 < k%) such that for all z, t € H,
Wz, £) 2> w (x1, « - o1 Zr) (2.1
Let the function V (x, ¢) be defined and continuous on ¥, together with its partial
derivatives V,/ = V', ..., Vg,J¥and vV, = dV/dt.
Theorem. Any control law (1,2) which ensures that the condition
Vo I Oz, y, ) + Vi = — W (z, 1) (2.2)

holds on the set H,, is a stabilizing control law for the system (1. 1) provided that for

all z, tE€ H,y -
2Dz, u, O F ... F 2Dz, u, )N, N>0 (2.3)
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To prove the theorem we first note that in accordance with the first Liapunov theorem
and the condition (2.2) holding, the closed system (1,1),(1.2) is stable with respectto the

variables #y, ..., 2, and for any arbitrarily small e > 0 , a number § > 0 can beshown
such that | z (¢) | < e for all ¢ > 0 provided that
Iz(0I<6 (2.9

Moreover,by virtue of the inequality (2,1) we find that for any motion originating in the

region (2.4) we have ,
S (@1 (@), ..o 2, (AT SV (@(0), 0)—V (@), 1), £>0
0

<

and, since V' (z, t) < 0 on Hy, we have

(wiz®, 2,0 <V 0, 0 (2.5)
0

Next we shall show that (2,5) and the condition (2. 3) of the theorem together yield
[+ ... +2%0]1->0 as t— o0 (2.6)

In fact, let us assume that (2, 6) is incorrect. Then, using the very concept of the limit
we can show an infinitely increasing sequence of time instances {z;} such that

2y ()t .. R () >, sg=const >0, k=1, 2, ... (2.7

From (2. 7) and (2. 3) follows
() + .. 2P (8) > s, sy = const >0, 5, < 5

for at least all ¢ & [¢;, — Az, ¢,],where At = (s; — s,) / 2N. Let now

r
0 = min (w (@ 0 @) for s D) 9’{2<€2)
i=1
Then for any ¢, we have t
j w (2 (), oy 7, () dE >N
t,—At

which contradicts the convergence of the integral (2. 5). Consequently, it follows that
(2. 6) holds and the closed system (1. 1), (1. 2) is asymptotically stable with respect to
the variables =y, . . ., Zr.

We note that the conditions of the theorem do not include the condition of an infini-
tesimal upper bound not only with respect to the variables z,, . . ., zr, but also with re-
spect to z,, . . ., 2n. This enables us to assert, in particular, that the control law u =
u® (z, t) satisfying the conditions of the theorem given above, is optimal with respect to
the functional oo
J(w) = s Lz u, tydt, Lz, u,1)>0

0

provided that L (z, u° (z, &), t) = W (z, ¢) and the relation
ViT® (2, u, ) + Vi + L (z, u, )>0
holds for any vector u =+ u®.
The validity of the above assertion follows directly from the fundamental theorem of

optimal stabilization [1] the conditions of which allow the omission of the requirement
of the infinitesimal upper bound. We note that
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min,, j L(z, u, t)dt <V (2(0), 0) (2.8)
0

and the equals sign appears in (2. 8) only when the unperturbed motion of the system
2= ® (z, v° (z, ¥), ¥)
is asymptotically stable with respect to zy; . . ., 2n.
8, Particular cases of stabilization, Leta perturbed motion of the sys-
tem stabilized with respect to the variables x;, . .., zr be described by the equation
r=F(z, )+ Gz, )u 8.1
where F is an n-dimensional vector function and G is a ( » X m )-matrix, The con-
dition (2. 2) is reduced in the present case to the form
Vel (F+ Gu)+ Vy= — W (z, 1) (3.2)
and the set of laws ensuring that (3, 2) holds is determined by the expression
u=pz ) = (W 0+ V.TF+ V) (VT66Tv) 6TV,
provided that
pTGT Ve = 0, VxTGGT Vy =+ 0
on H,
In the general case the function V,TGGT V. = 0 may vanish when | z| = 0, therefore
the solution of the problem of stabilizing the system (3. 1) is naturally sought in the form
w=1(z, t) — MV, (8.3)
where / and X are arbitrary vector and scalar (A = A (z, 1)) functions connected by the
equation

Vi=— Wiz, t) — Vil (F+ Gl 4 wviTacTv, (3.4)
and by the restriction
(@1, ooy @ 0, .., O] (F4 GI —AGGCT V) < N, =z, tE H;
Setting in (3.3) and (3.4) != 0 and requiring that the inequality
Az, ) >0 (3.5)
holds on Hy, we obtain the following stabilization law:
= —AGTV,, Vi= — W (z, ) — Vi F -+ AV,TG6T v,

which is compulsorily optimal [5].
We note that when the inequality (3.5) holds, any of the laws (3. 3) acting upon the
motions (3. 1) of the system produces a minimum in the value of the functional

7=\ [We 0+ g0up 51 v, P — G + gl
The intermedi:te position between the stabilization laws (3. 3) and (3. 6) is occupied by
u= —AGTV, + PCTV,
where P = P (z, t) is an arbitrary skew-symmetric matrix and
= —AGTV,, Vi=— Wz, 8) — V:TF + V,TGAGTV, (3.7

where A = A (z, #) is a positive-definite ( m X m)-matrix. Incidentally, in accordance
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with [5], the control laws of the type (3. 7) can be regarded as compulsorily optimal
laws, provided that the quadratic form 2zw = «?A-1u is adopted as the forcing norm.
It is clear that the control law (3, 6) guarantees the stabilization of the system

' =F(z, ) + G (z, ) ¢ (u, t) (3.8)

with respect to the variables =z, ..., zr for any vector functions ¢ (u, ?) satisfying
the condition T

Wl o H>ulu, >0
and a constraint of the form (2. 3), and the law (3, 7} in the case when the matrix A is
diagonal for any @ (u, #) = {@; (uy, 2), « « +» Pm (um, 1)} satisfying the inequalities

uii (ug, y > u?, t>20(G=1,..., m

In addition, if on the motions (8. 1), (3. 6) we have
o0
. A
min, I () =x°, I (u) = S [W (@ 1) — 5~ VL1GGTV, 4 31}: u""u] dt
0
then on the motions (3. 8), (3. 6) we have
%° = max min, 7 (u).

Similar relations take place in the case (3, 7) when

xX

1
I(w) = S [W (@ 1) — 5 VaTGAGTV,, + —%— uTA—lu] dt
0

4. Example, We consider the problem of damping the rotation of a body clamped
at one point, Let r = 2, and the perturbed motion is described by the equations
. _B-—-C 1 . C—B 1
Xy == A Ty e '_A‘- (Pl (u:, t), Xy == B x3n + -F-q)z (uz’ t)

. A—B
Xy == C Trixs

where 4, B and € are principal moments of inertia of the body. In this case (3, 7) can
be satisfied by setting »
V = Az + Ba® -+ Ca%y, W = 4hpa? + 4hga?y, uy = — 22y
Uy = — 2Ny,
where A, and A, are positive constants,
We note that the stabilization of the system

_ B—C 1 . Cc—4 1 . A—B
zx=szx3+7u1,xz=—§~xaxx+—§uz, L

with respect to the variables z; and z, is guaranteed by the control laws obtained with
the functional

J (u1, us) = S [2 (M2 + Aoxo?) -+ —;— (—:2_1 us? 4 ";“; uzz)] dt
0

assuming a minimum value,
The above example can be generalized by making the following assertion. Let the
stabilized system be described by the equation

z = F (z) + G (x)u
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and let V (z) be a positive~definite Liapunov function satisfying the condition v, TF =0.
The control law = — AGTV,

quarantees the asymptotic stability of the system with respect to the variables y, =%, (z),
. o1 ¥r =W, (z)with the functional

J () = %S (ViTGAGTV, 4 uTA-tu] dt
9
assuming its minimum value, provided that the function V,TgAgTy, is positive-definite
with respect to 1, . . ., ¥
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A solution for a weakly nonself-similar axisymmetric jet submerged in a rotating
viscous incompressible fluid is derived in a boundary layer approximation. An
asymptotic expression is obtained for the jet field at considerable distances from
the source, where it becomes self-similar.

1, Let a half-space filled by a viscous incompressible fluid and its solid plane bound~
ary rotate at constant angular velocity w around an axis normal to that plane.

We attach to the solid plane a right-hand system of cylindrical coordinates r, ¢, 2
and make the half-space boundary to coincide with the plane z = ¢ so that for every
point of the fluid z>> 0. Let us consider the problem of slow steady axisymmetric rela-
tive motions of the fluid in the half-space, induced by the velocity distribution at the
solid plane V |ymg = €20 (7) (1.1)

with conditions at infinity



